
Math 70 Quadratic Functions and their Graphs 

~CAL: Graph parabolas neatly and accurately on paper. This means: 

,..---. 

1) Imagine the location, shape, and direction and calculate the vertex to determine axes and scales. 
2) Plot the vertex. GC max or min can help. 

3) Plot four additional points - might need to move the axes. GC table can help. 
4) The pattern of squares can accurately plot points without doing any calculations, if both scales are 1. 

5) Confirm that the left side and right side are symmetric. 
6) Confirm that your graph extends to the edges of the grid accurately - might need more than five 

points. 
7) Confirm that your parabola is round as it passes through the vertex. 
8) If the instructions request it: draw the axis of symmetry as a dotted vertical line through the vertex. 

9) If the instructions say: find they-intercept and plot it. 
10} If the instructions say: find the x-intercepts and plot them. 

To begin, quadratic functions {up- or downward opening parabolas) are in the form f(x) = a(x-h)2 + k 

The vertex (h, k) is the lowest (or highest) point of the parabola, the most important point of the graph. 

/(x) = x 2 +k vertical shift: shift k units up (k positive) or shift k units down (k negative) 

f(x) =(x-h)2 horizontal shift h units right (subtracted h) or shift h units left (added h) 
CAUTION: The signs and directions are backward from the k signs! 

f(x)=(x-h) 2 +k both up/down and left/right shifts 

f(x) = ax2 change the shape (narrower la! > 1 or wider la! < 1) 

and/or 
change direction (upward opening if a > 0 or downward opening if a< 0) 

f(x)=ax 2 +k shape and/or direction ANO vertical shift 

f(x) = a(x -h)2 shape and/or direction AND horizontal shift 

f(x) = a(x-h)2 +k shape and/or direction AND vertical shift AND horizontal shift 

The axis of symmetry is a vertical line through the vertex which divides the parabola in two mirror images. 
Its equation is x = h. 

The x-intercepts are points where the parabola crosses the x-axis. To find them 

· By algebra: set y = O, meaning replace the f (x) by 0. Solve the resulting quadratic equation by 

square root property (if f(x) = a(x- h)2 + k) or quadratic formula or factoring {if f(x) = ax2 +bx+ c ). 

By approximating on GC: use 2nd TRACE= CALC, option 2 (Zero) as many times as there are zeros. 
~: A quadratic function can have 

.~ • two x-intercepts {two real solutions to the quadratic equation, D = b2 -4ac > o ), 
• one x-intercept (one real solution to the quadratic equation, D = b 2 

- 4ac = o ), or 

• no x-intercepts (two complex solutions to the quadratic equation, D = b2 
- 4ac < O) 



They-intercept is the point where the parabola crosses they-axis. To find it 

By algebra: set x = 0, meaning find f(O). 

~very quadratic function has one y-intercept. 

Note: Later, we'll also have the form f (x) = ax2 +bx+ c 

a is the same as in f(x) = a(x-h)2 + k, but hand k are related to band c by the vertex formula: 

-b 
h=-

2a 
k = f(h) 

To change f(x) = a(x-h)2 + k to f(x) = ax2 +bx+ c, FOIL, distribute, and combine. 

To change f (x) = ax2 +bx+ c to f (x) = a(x- h)2 + k, complete the square or plug in results from the 

vertex formula. 

Practice and Examples 

Usingf(x)=2(x-1)2 +3 

1) Simplify . 

. ~. 2) Graph the two expressions (the given function and your result) in GC. What do you observe? 

3) Identify the characteristics of the graph. 

a. What is its shape? 

b. Where is its vertex? 

c. What is the value of a and what does it mean about the direction of the graph? 

4) Find the vertex of using GC. How does this answer relate to the equation? 

5) Find the equation of the axis of symmetry. 

6) Compare add each graph to GC, identify the effect of changes in the value of a. 

a. f(x) = (x-1)2 +3 

l b. f(x)=-(x-1) 2 +3 
2 

c. f(x) =-(x-1)2 +3 

d. f(x) = -4(x-1)2 + 3 

e. Summarize what the value of a tells us about the graph. 

7) Find all intercepts. 

a. Use f(x) = 2(x -1)2 + 3 

b. Use simplified result. 

c. Which form makes the algebra easier when finding the x-intercept? Y-intercept? 

d. What is the difference between the x-coordinate of the vertex and the x-intercept? 

8) Graph f (x) = 2(x-1)2 + 3 on paper. 



IV\~ -::ro ~ . ~ 

~ t ~ \ ~ ~ (y. - \) ~ *" '?.> 

@ S\'(V\f'h {:-'f 

t-L"')-:.- ?-. 1/.-') lx-\) ~ 'b 

~ '>- l~<'l.. - ')( -)l~ \) k '3 ~o H ... 

- ?... (il"- - ?-y:. .\-- \ ) +- 3 t.o V'/\ b ~ lt\.e,, \°\ ~ ·\-~ S 

- ?-..C'f.1.- - ~" + ?- * :3 J,·, ~~. \> vl,:t-~ 
-:::::.- CJ-,,:, '1.--- - ht: ¥. -t ~ Co Wl ~ \v\. €.-' 

@ G-rtiLf k \o o~ e)C(Dr....es s \ fM..S I vt G-c,. 

r1-:: 1 
'/, ::: ~ ( )<; _,) -t 3 

'} ')- -:::;; ?-~ "'l... - '-\ ')(. + ? 
---l-Z..o0M] G. -Z.oo\IV\ ~~ 

. ~-e ~ a.,~.e. ~r-a..-f'k . % e.- ~I.A) o -e. .. :x f ir.e.-s ~ 1- (IV\- s '} \ v-e o 

~ 't'M.f\Ata-\~ J.o.e.s Vlo+ ~0..-VL'}-e -Ytt_e- <}'~~' 

® ":[j'-'vy..\.;-kt ~.e-- c--kA-ra,c-+-~v-1~-hc.-s ot- -th~ d'-rtt-p k. 

o..) \t\f ~ c.\.A· t ~ \-t-s s ~~e.- "? 

~"ts U-s~ \s ~l\-ecl ~ f-a-ra-lo(f:> ldl . 
A\\ q 1.1_cu! v-~-H c- ~V\_ cl-\ oviS -f ex) = ax7-+ bx-+- c.... 
a.re..- ~~ p L°' s . 

\o) VJ h.v.-e, \s \.\-s V~-e.><: ~ 

~.e,, Vev-kx \$ ~ to"'Lef>T- <po\""+ oV\-rG_-e.... ~~ole\. 



v 
17Y"1 l ~ ~e -'pc:::v\r"~b<P~ e:op~ d~\..CTVL~J, J ~-e. Vev-...J...ex 

\ 5 ~e.-- ""'l J \.-.-e-s+ "f o I;._,_,\.- o-v, ~-e y:>a.-rc-t--b !£:> le\ 

ve-r-+ex 

I\ 
~h~ Jrot-v.n. vt:J ~--e- fj N;{,f h t(:rf QL f>t:LV-~CP let../ --Vh-e ve~ 
~ .f'ke VY\ o 5 + ) ./Vl,F ov-h::t. ht- Po\ "1--t -to 'J ~ h c.u rv-.e ~ . 

c) Whw.\-- \ 'S -~.e...-- '\f'oL.tu.e...- o.\=· O. ct-vu.\ w\ttc.,.A- do.e.5 ~.\- VY\~~ 
a,\oo\;\,\ ~e J\ r-e v\-\oV\ o+ ~-e j ~roh ~ 

C\ y.. ..,_ -\- \o x -+- c.. 

9...:t.." - >-{ 'I., -+ 5 

l Cl=?.. h 'Pos«>n..,..._ / 
l.Af'Wa-t-d. 

So 

G) 'F\ ~ ~ ~-e... V-<Ar..\---.e_,)(. \IL "i> \ "'-~ G-c. " 7 

\,\-c:?vJ ~,.e.£ ~\ 5 t:t-\A~ We-r- r-e- lO\_,+.e- -\-b ~-<-- ~LA-"-'~ OV1" 

'lo ..0.t~J ~-e,, '-1-e-v-..\--.e.-X C-o or-J·, ""'c:v-\-e,..s. (o-r c::t...f ~~X~ YV\.~+e..- OV\-e-":> J: 
C)d-C.. 

\~2Yi J.] [±R~ 
"2- · t'\I V\ I M IA-W\ 

----------~------- - --------------- -~-



U7e ® .+v VV\o ve, p~* --.f-Dv--+-e.-x. (w v-\3'v.t-- of ~-\ex) ctvuA
pr..e~~ ~§']. 

·fr~\0'¥/V] ~ -~'v-J,~~e--- ~4e--(Gvt~s6?). 

(n \ Y\ ( VY\ lA-VV\ 

X-::: \ Y=-3 

(fh.e. c.,.ot:r< &1 Vl.P(:,~.e-.s ot-. ..--th-e-. v..e-r.kxi av-e..- (), -3) j 
\/\fr:;,- V1oh~c....e. -i'tte- ov-~jlV'l.4-\ --Pu-Vl-c...-ti'ovi kt"<.-s [1

1
3) f"' I+; 

~C"') :=:. ~ (X - \) "l. +- "3 

J t 
C'f (°O 5 \+..e.. 'f - ~ 01--rd l vi~+e.... 

of- -1-h ~ o+- 'V..e rkx 
:X - c.o o-vd.I vz_af--c... 

We- ~V\ t...L.5e... -tt"':1s ~d-u.-r::e..., -tv u ,.e_a_d, tf --f1.te. ver-J.ex 
~, -fr-oYV"'I -t1tt e- ~IA..d---h' o-vi • 

+c)(; -=== ~ (x -h )2+ ~ 

V-crJ..ex \:5 Cl--iJ~) 

~IA+.5\de_ ( J ~ keep 
~e, S(~V) 

t V\.sl ~ c ) ==-=-'> use_, 
...f1-,,-e oppos rl-e ·s:t~ . 

@ F-i·Vl-J ~e ~ u.d-t-~ ~-t- .4e ax\.:> o+ S)'\ly)VVJdr-y, 

?a.r.t\_,b(Ola.s av..e-- alw~)6 sym vY\ ef-v-1 c... -t\-i, Is YYle.a-h.s 

~-\-- #~& \d.J- \t'\..a.l.~ e.~ ~-e.. fj~h ~5 o< vYl lv-ro r-

\ ~e- o-\?- ---\'1Ae.-- rl~~+ ~~ o+ ~-e_ 0~\.-, . 
~ : :TI-- \N-e,,, Jraw a h vte wh'1ch 

: cl. I v 1 o\.e_S #~e ~ YGX-ph ~ 
~.es~-+wo ~~\v-c-s 

1 
\Ne_ hc;;(__ve

~V\rV\ 
~ Ol)( \s of .sy vvi ~(''t · . r . 
~IJ V,e:,v-J--1~\ \"iV\~f]oe5 ~~~\, 
~a.. v ev-kX OW\A. \--\=s ~ ~-iYV'\ 
is x~ l., 



-f'I\~ ~ 'Oi?' 

@) Ct;VV\-p~ bj aJ,J1~ ~ j~h +o Ge. ~ 1d~ry 
~ &.t-e.d-- &.\} ~e-5 \\A~ v-a.--ke..- o.+ (;\. 

o.) ~0<) -;;. 0<- \)'?- + 3 
1 
~=- l VloW/ .{vi.~ o.+ a=-2. 

[Y-] 
Ya ~ \.e.A-ve.- ~~ ~vv1~ 
Y?-- (x-•)' +3 

Y. 

b) ~ex;==- ~ Cx- \ )'"-r 3 

Y-:2. \5 w\J~v-~· /1, 
ol :=:.I I'..:; l-c!::>S ·~"' a-= 2. 

\ 't - I 'I\ =- \~"e.,,-Yhe.- -s~~e
y 2-= \-e.o...ve.- ~-e... .Sc:UY\e__ 

y3= .scx-\)"°'+3 

te.) ~(><) -= -(;<.-\)'2. + 3 

y?, 15 w\J..er ~ bo.ti, 
y t avid- y 2- • 

a=---k_ ,~s kez::.s ~ 
loo-\{;_ a~ I a~ ot ==- 2 . 

I"f-1 \~v--e, y,) Y-z-1 'l?J ~.e, S4VVJe.. 

)14::::. - ( )< _, )7.- +-3 

Y4 t?~ olow-nward 
beaLUSe ~=-- -\ 

\ S Yi~£h ve.. · 

y
4 

\ s -th-c., ~aVV\e.. vv \~ 
as y

2
, wl~ ~= \. 



tvl ev~ ""1o ~. 5'" 

.J) ~Ge..) -:::: - It(">' -\i' ..4----3 

\'(:j_ \.cct\f.e. y, J Y-z- ~Y~) ):.,_ . .fit,e ~~W'e. · 
''fs=- -11 (x-1)2..+ 3 

y
5 
o~ doWY\VVa.rJ 
b~CAM.$ e V'l ==- -Lf 
\'5 \l\e'Ja..--h v.e. · 

y 5 l ~ V1a.kyz:> V\/ e-r 

-~"' Y4 ···· 
bwt-- -"+ \s \c~6 ~ -\ # 

\JJhO"l Jc<.td\"'-j ~-e Wl~ ~ ~ p~o~ vv-e. ~ 
~e_.,, a..bso \ w\-e...- v et.-W v o+: ~ ) So w-e..- C.O-n5 ~ ovv~ ---f'Vle._ 
~""-\..\--u_J.e_, o.(: -~e- ~(..{,VY) ber / ~er\- \.\-s S \ ~ V) • 

( o..==- - 4:J \ -"1 \ -:::_ I-\ \ 5 J y--ea,_,-\-e,v- ~.V1 ' 

So -~-e.- pc:t.X-~o ltl Is via.,vv-ovve--r 

~CLV\ ~ ?~bolor 1- i l =- \ . (a=- -1) 

~J . S\A..,YY'IM~: 
I~ i~\-=- t 

)~ \ot\ > \ 

1~ le.ti<\ 

w-e ~cvre ---tVte, \\ 6a::> lc..'1 ov

'' ~d~d.-u ?~·-tk-z;c_,bolot 

W-e..- h,ct.V-e- a Vla-Y--v-~we,r pa..~oloi 
vJ-e-- ~0vv-er a. w\de-v-~o(~ . 

® r\ ~J a-\\ .\V)i-o-c..e-~. 
~\s vv1~s \\-h'v\J --\"1vle x-r~~+srr avd ''..+,~j__-\'he_ 
y-~· 

o.) + l,r<:)::::; 2 G<-\}2-+ 3 

"X \ n\ev-~p+--. &e+- y-=- o (_err \---ep lct_c.e- --Pl.x) bj o} 

0-::- d-.(x-\')-z-+-? \~0 \cJ-e.- ~-c,,, ~'-'<-a.-ve... 

- 3::: ~ (]<.-\)'-



":':: « :::_ )< _, 

\ :t 1f3 =- x 
~ 

·---t-t---..:..· x 

><~\:t\K 
2. 

\ Vh~\vla.ry x-\Vt+e~. 
( o-+-- co~\ .'1\A_;s ff~h d-o..e..s V)G)+

C.v--o ss....K..-i~ x~xis t) 

'j-\"'-~: s.e\- X==-D . 

..t-Co 1 ·== 2 Co-,)'-+ 3 

- 2. l- \)'""2- ...\- 3 

-=- S2(\)-\-- 3 

-=- ~+3 

= 5 

\Yi~ (o,s) J 

ov-J-cv-~ ope~~CV\S: 
~s~~+
~ cxpo~ 

~ Yvt-u.\+-lply 

~aJd 

~) LA s.e -s ~~ \ ~~ d r-es u.-l+/ -P--0<.) ::::: '.2X--i.. - 14-x +- b" 

X-\~: s.e:+- -P-c.N=-o ov- "j=-D 

D :::: ~"'- - '-\-x +-- 5 

°l~r-~c. l, '50\\f~ by ~~·~/ ~ f)--r c::-rs ... 
QF 

)( -::::. - 'o -t ~ b -4-e;t c.. 

"U\ 

x-==- - (:-\.\-) r \./C-it~ -i.+(?-;{s) 

ri-(?._) 

)( -=- i+ j: \] ·-111 

L\ 
\~\ VlAk"j . 

[ho x-t~J 

c~ -\;?.-- -~ 

x:-\ ~ :!:~~ 

\Nlau~· 
[ Y\o )<'.. ~\ vrts ] 



· tv'1 aA-~ ::ro ~. !J 

y -\vr\- ~ <S-ot- x ~ 0 

+co) ~ ~{_6)7.. - 'f lo) ·4"-b 

t== s 

v). AAv\c.e '. ---Th~ x -l~~e-e~ \s u.:s '-<.aJ ly ca.-slev- ·-\-o-h'v-lc\ 
~O-yV') ~cXJ ::::. 0( (_x-h JG---i- k 

bl.-{,+ ~e y-l'~rc.-eF Is u.-su..a\ \y -eas \ev--+o 
ft V\j -fv-OYYl -9cx) ·::::::- a._x;-z-+bx .+c.- . 

d) V\J h ~+ \-s ~ JI ..t+'e-v-e,v) e-e__, bd-w-e.e..-. --Yh e.... 
;x:-coovd.:1vid-e 4 ~e v.e-r--\-e..x avrl- --the-x-lvtferc.e~? 

----r---....,t-----.:} 

J \!lo x-• ... k.-~ 

:x-co o.J " +- v-ev.-k..x 
x;:::. \ 

~.e- X-\~~ are 'whe-r-e-- 4e-p~b<0l0\ c.VC:.?S.>e~ 
~ ){-ctx.\v,,, \-P- -,.+-Aoe.s. 
~ v~.-k.x \ s ~e,, t~ (err- ~ 1a ks-l-) ·-po.-1n+ oV\4-e_ 

~cPlc-\) \-\- \5 aV\ o-rder~ ~°"Y'~ -1\;te..- x-eoovJ\n~ 
15 ~('.:, -.flrs+- V\ UVV\ belt'"' \ 1/1 ~ ~-e_o\ cp:i\ r-. 

@~h~-cp~\~ 
• f7'1 o+--~.e ~ 
. r) at- tA+-- l-e&LSt 5 cpo I vif:s 

• m~.e.- -~\r'P~ oc~v~ 
• ·e-x-1.end +o ~ of arrJ 
11 \*' ~~LI Vl5-e ;r~-eJ )\ V\e..-

~ Ov'i'\s of sy~vvi~y 
I 

' )(-:::: \ 



r 
--\- '·' V\ C .+·_,; <:!'' "' r.;, 

v /\ 
Yes 

?-) -r--i.,_ e VV\-oS-\- \ VV\ f'-c_:,~r-.\. .::;;:c V\. {- 'f o '1 -"' + is 4--~e ve r~,\.e.,x: 

A l v.ro.. '1 s r \ o--\-- ~-e_ '1 e ir-J..-_e x \A.-t> Cl\ Jr·\'-/ o l \/\. C" \ 

0\ ~c \A...or· °'-+e\,) 

-~- 0 ::;; \-\ 0 l_._) 

\N\ J...__e c v 
A pcv... """\. ~.::::> o ~ °' \ S .:::j/ vVI n"- -e.·\~,..- ~ c.. · 

5 \ Je,., o~ -~ €' ~-" "- F l,, \ s =7li. e, sa VVl e :s \.,, ~ pe.
v 

as -+~ e. v--' J Ir.~-- s'1 olc:. 

L \Se.- -tfvt '1 s +c S 0-'f-C ~ v'V\.l'_.. a \/\ d.. c "1 e c:...\<!'.'.._ 



13) l) i'a~W LA_ )(_fl s V\ e ~+ \ ~ . T~ 
I 

.S,c°"\-e \V\ y- o\'1 rechov1 \s 

r;,; r\a.ce c:t>zes So ~-\-'ka_:+ s ro"1V\+.s \Ni\\. -C-\-- OV'\ tiAc__, 
or icL 
-J 

:f) t=x~d t>CCYetJool.'4 ctec..u.,,v-~-+~l'f +-o ec\J-es o+ ~,.-\~. 
9) Ch~_cL )<- \ V1-\crce p+s o'.'.l d )'-- t V\-4<: rG.-e p+::J cz.r-e.... 

f l o kt .e c.\ a c-. c, 1.-c r !~. t.c '1 7 . 
( C.ov"'--\oct.re --\·o G·G ~-<··a_p\n ·,+ x-i ~\-1-.S,. or y-1 vtts 
w e.ir -e.-- V\ot r-e ~1A-e "'.:>~.J \ V\. you ir- \1\rcrv \<. . ) 

\o _f,,.._J ~-,A.\erc-ep-\'".-..1 se+-y=o 
ctV\.d So I~ fen :X. , 

\o .f\ "'-0 y - (V'tc.k l c..-e i;yt I S;;;::>-i- )( .=. C) 

0-Y\.d .so I V'-e. -t' e>--• 'j · C .\c<)) 



Rev 8-8-13 

Name 
~~~~~~~~~~~~~ 

Date 
~~~~~~~~~~~~~-

GC 30 Graph to Paper: Using the Axis of Symmetry to Graph Quadratic Functions 

Objectives: Find the vertex of a quadratic function 
Write the equation of the axis of symmetry for a quadratic function 
Graph the axis of symmetry 
Observe and use symmetry as shortcut for graphing additional points on a parabola 

A Quadratic Function has a squared x, or a degree 2 term, and passes the Vertical Line Test. 

Standard Form: f(x) = a(x- h) 2 + k, where a, h, and k are constants, a :t= O, and (h,k) are the 
coordinates of the vertex. 

The axis of symmetry of a quadratic function is a vertical line through the vertex which divides the 

graph in two mirror halves. Its equation is x = _..!!__, same as the x-coordinate of the vertex. 
2a 

Example 1: Find the vertex of f(x) = (x-3) 2 + 2 

Using the formula /(x) = a(x - h)2 + k, we see that the x-coordinate can be found from {x-3}, giving 
x = 3, and the y-coordinate can be found from +2, giving y=2. Answer: V(3.2) 

Example 2: Write the equation of the axis of symmetry for f(x) = (x-3)2 + 2. 

Using our work from Example 1 and the fact that the axis is a vertical line through the vertex, we get 
the equation x=3. Answer: x=3 

General Form: f(x) = ax2 +bx+ c, where a, b, and care constants, a :t= o. 

The vertex of a quadratic function can be found using the vertex formula: Find the x-coordinate first 

x = _..!!__, then evaluate the function at the x-value found: y = j _ _!!_). 
2a J~ 2a 

To write general f(x) = ax 2 +bx +c from standard f(x) = a(x- h) 2 + k: FOIL and simplify. 

To write standard f(x) = a(x-h)2 + k from general f(x) = ax 2 +bx+ c: complete the square. 

If a>O, the parabola opens upward. If a<O, the parabola opens downward. 

When graphing a quadratic function, you must graph the vertex, plot at least four additional points, 
and neatly draw the parabola. Instructions may also require you to graph x-intercepts. 

CAUTION: A parabola is a rounded shape - there should not be a point at the vertex. 

Copyright 2011 by Martha Fidler Carey. Permission to reproduce Is given only to current Southwestern College instructors and students. 
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GC 30 Graph to Paper: Using the Axis of Symmetry to Graph Quadratic Functions page 2 

Example 3: Find the vertex of f (x) = -2x2 + 4x - 5 

Using the vertex formula, we find the x-coordinate using x = _!!_, which gives x = --
4

- = -
4 

= 1. 
2a 2(-2) -4 

Plugging this into the function using y = 1(- ;a), we get /(1) = -2(1)2 + 4(1)-5 = -2 + 4-5 = -3. 

The vertex is (1,-3). Answer: V(1,-3) 

Example 4: Write the equation of the axis of symmetry for f(x) = -2x2 + 4x- 5. 

Using our work from Example 3 and the fact that the axis is a vertical line through the vertex, we get 
the equation x=1. Answer: x=1 

We use symmetry in graphing quadratic functions (and other parabolas), in two ways: 
Forward: From the vertex, axis of symmetry, and one calculated point, graph another point on the 
other side of the axis of symmetry. 
Backward: Check final graph and any other points (like x- or y-intercepts) for symmetry. 

Example 5: Graph f(x) = x 2 by plotting points and using symmetry. 

We know from f(x) = a(x-h) 2 + k that the vertex is (0,0), so this is the first point we put in the table. 

x-value y-value 
0 0 
1 1 
2 4 
3 9 

These points give us the right half of the parabola. To use symmetry, measure the distance from 
each point to the axis of symmetry, then use those same distances to draw the other half: 

I I f l I 0 I I 11 t I I I I I I I I Ii I I 
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CAUTION: The axis of symmetry may be different from the y-axis. Measure distances from the axis 
of symmetry to the known points. 

Process for graphing a quadratic function using your graphing calculator: 
Step 1: Find the vertex (using f(x) = a(x -h)2 + k or the vertex formula) and axis. 
Step 2: Make a table using your GC. Make TblStart = x-coordinate of the vertex. 
Step 3: Look at the points and decide location of axes on the graph paper. 
Step 4: Determine scale for the axes. Draw and label axes. 
Step 5: Plot all the points. Draw the axis of symmetry. Use symmetry to plot the other half. 
Step 6: Neatly connect points in a rounded parabola. 

Example 6: Neatly graph f(x) = 3(x-2)2 -5. 

Using f(x) = a(x- h)2 + k, the vertex is (2, -5), and the axis of symmetry is x = 2. 
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GC 30 Graph to Paper: Using the Axis of Symmetry to Graph Quadratic Functions page 4 

CAUTION: If quadratic functions have fractional coefficients, you must work with the fractions, just 
as with expressions. You cannot "clear the fractions" by multiplying by an LCD, as you can with 
equations. 

Example 7: Neatly graph f (x) = _ _!_ x 2 

2 

Using the vertex formula, we get: 

7 
-x--. 

2 

Evaluating f(-1) =-_!_(-1) 2 

2 
The vertex is (-1,-3). 
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Tl-84+ GC 31 Graph to Paper, Pattern of Squares to Graph Quadratics 

Objectives: Observe the pattern of squares for quadratic functions with a=1. 
Use the vertex, axis of symmetry and pattern of squares to graph quadratic functions 
Use pattern of squares to graph quadratic functions when a * 1 

A Quadratic Function has a x 2 (degree 2) term, and passes the Vertical Line Test. 

General Form of a Quadratic Function: f (x) = ax2 +bx+ c , where a, b, and c are constants, a* O. 

Standard Form of a Quadratic Function: f(x) = a(x-h)2 + k, where a, h, and k are constants, a* O, 
and (h,k) are the coordinates of the vertex. 

a is called the leading coefficient. 
If a>O, the parabola opens upward. 
If a<O, the parabola opens downward. 

The vertex of a quadratic function can be found using the vertex formula: 

First, find the x-coordinate x = _ _!::_ 
2a 

Second, evaluate the function at the x-value found: y = 1(- ;a). 
The axis of symmetry of a quadratic function is a vertical line through the vertex which divides the 

graph in two mirror halves. Its equation is x = _ _!::_, same as the x-coordinate of the vertex. 
2a 

Example 1: Because quadratic functions have a square in their expressions, perfect squares are 
important in their graphs. Let's consider f(x) = lx2

• In each of the graphs below, start at the vertex 
and move to the right. The amount we move up is the square of the amount we move right. (Notice 
that the leading coefficient a=1.) 

'\ · · i · : \: : : : I : 

:::t:~-:r::: :::_::ur ::::Fj\::::1: : ::::+
1
} :I 

: : : ~ : : : : : 
I I f I t I t > I 

---:----- I ----- ----- ------:---- ----i------~--- -+----- ------~- -- +--i----
0 • 1 . : : \ : : 

---'2:----1,.....:-::-.:+""1_....._____.,:z=-- ----r-----r----- 0---- ------ ----- -----i----. . . . . . 
-3: -1: 2 

---r------~----- ------r------~---
: : 1 : : I t I 0 t I 

I I I I 
I I t I 

----;- -----:-----:- -- -- r- ---;-----:-----;----
y=l·I2 =1 y=l·2 2 =4 

::::r:r:::r:::::::::::::::::::::;_:::: 

::::i:\::t:::::i::::: :::::r:::r:J: ::::: 

tl\r/~· 
y = 1·32 = 9 
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We can also move from the vertex to the left, using symmetry, and they-coordinate is the square. 
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---- ----\r·----t----- ------[------

1
r 1--
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-2: -1: 

' . -3: : ' 
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y=l-(-3) 2 =9 

When the leading coefficient a=1, we can use this pattern of squares starting from any vertex. 

Example 2: Find the vertex of f (x) = l(x - 2) 2 + 3. Then observe the pattern of squares in the 
graphs below. 

Using f(x) = a(x- h) 2 + k, the vertex is (2,3). From the point (2, 3), we go right 1, up 1. Then left 1, 

up 1. Then right 2, up 4. Then left 2, up 4. And so on (left or right 3, up 9), both left and right. 

___ ~, ____ L _____ L _____ i

7 
___ L __ _ . . . . 
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t- \- ·- ~ --" /----
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i r i 

1
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·--'------ ______ .. ___ _ 
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. - ...- - • - -- - - -- - -r --- - -....-- - -- - ., - -- • - - r - -- -
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t I I I 

I I t l 
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-- - ---- --r ------:- --- --1-- -- --r- -· 
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I I f I 
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• I I I 
0 I f t 
I I f I 

Answer: 
-1: 

When the leading coefficient a = -1, we can use the same pattern of squares, but the y-coordinates 
are negative and go down instead of positive, going up. We begin at the vertex as before. 
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Example 2: Use the pattern of squares to graph f(x) = -l(x + 3) 2 +1 

This quadratic function has leading coefficient a = -1 and vertex (- 3,1)). Since a is negative, we go 
right 1, down 1. Then left 1, down 1. Then right 2, down 4. Then left 2, down 4. 
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I I I I I I I I I I I I I 
I I I f I I I I I I I 
I I I I I t t t I I 

r ---f---1- - -.;----:- - - -:----r- --f---1--- -:- ---:--- -~ - --i 
I < I I • I I I f t 
I f I I I I I I I I 

I 1 t I I I I I f I l I I 

r - - '"'T - - - -,- - - -.- - - -.- - - -r- - - r- - - " - - - , - - - -.- - - -,- - - -r - --1 
I 1 f I I I I I I • l 
t I t I J I I I I I I 
I f I I I I I f I l I I I 

i - - -~--- ~ - - -;----:- - - -;---~- - -:---~- - - ~- ---:- -- -:- - --: 
I I I I I I I I I I I I I 
I I I I I I I l I I I I I 
t> - - -+ ---"f - - .. -4--- ..... ---t- ---t- --- I - __ .... __ - ..,. ___ ...., -- -t- - --I 
I I I I I I f I I l l I I 
I I I l I I I 

I I I I I I 

~ - - -7-- -~ - - - ~- ---:- -- -:--- -~- - -! -- -~-- - ~- --7---~ - --: 
I I I I 1 I I I I I t I 
I I 1 I I I I I I I I I 

~ - ... -7---~ - - - ~- ---:- - - -:---- ~- - -! .. ---!- - --:- ---:--- -~ - --~ 
I I I I I I I I I I 
f I I I I I I I I f 

r- --+---1- - - -:----:- - --:- ---i--- -t---1-- --:- -- -:--- -:- - - -i 
I I J • I I 
I I I I I I I 

I I I t I I t I I t I I I 
r - - -y- -- i- - - ,----.- - - -r-- - r- - - T -- -, - - - ""ii- -- ..--- -r- --, 

I I I I I I I t I I 
I I t I I I I I I J 

I I I I I I I I I I I I I ------- -- ------ -- -- -- --- -------------- -·-- ... -- -.,_. Answer: 

I . 
I I t 1 I I 

- ... i- - -"'\- - - -,- -- -r- -- r- - - ,- - -. . . . . . 
f I I I I I 

--,---~---~----r---r---T---

: I 1: 

-6: -

I I I I 

- - ~- - - h -- -:- ---~- - -~ - ----\- -
I f I I I I 

--~--f·----~---~---~---; --1 f I I I I 

I I I I I I . . . . . . 

. --- ... --· . . . ---.,--. . . 
' .................. . 
:i . 

---.J ...... 
1 : . 
---~--· 
2 • . . --- ... --· 
3 : . 4---.--· 

The pattern of squares is modified using the value of a, when the leading coefficient is not 1 or -1. 

CAUTION: You must use the order of operations: exponent before multiply. 
Find the square, then multiply by a. 

Example 3: Graph f(x) = 3x2 using the pattern of squares. 

: s ; ; f ; 
-+-- l ---f--- 1-~-~---r---~--
--~--- ___ 1 ___ ~~-~--- ----~--

' t I I I . 
--:- --... . 

' . --r---
' . . --r---
. 

--~--- -. 
--~-z -
--:----. . 
--:----. . . -.. .,. ---. . . --r---

-:z 
-3: -2: -1: . . . 
--:----~---f---. . . 

' . . 

. . . 
0 I J I 

----:--- :----!---. . . . . . . ----.-- -,----.--. . -1----r--
' . . . .................... 

. --·---- ... --

--:- ---:- --. . . . . ' ----------. . . . . . . . .. --,--.. -,--. . . . ----.----r--
3: ----t----t---. . . 

:i z :3 1. I I 
...... J ......... 1 .. ___ ~--

1 : : : . . . Here, they coordinates are 3(1) 2 = 3-1=3 and 3(-2) 2 =3.4=12 
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~Practice: 

1) Use the pattern of squares to graph a quadratic function with leading coefficient a = 1 whose 
vertex is (- 3,1)) . Find the vertex, draw axes, then plot the vertex and points using the pattern of 

squares. 

r---T---,---~----~---r·--r---T---,---~----r---~---r·--T---, 
I I I I I I I I I 

I I I I I .. _ --• ---... --- .... --·- --_.,. ---t-- --• --- .. -- --4-- - _, ___ -1--- ..... ---• ---.. 
t I I I I I J I I I I t 

I I l I t l 1 
t I I I I I I I I I I 
1.. ......... J. ......... .J ...... .., ...1 ......... ..,J. ...... ..,I- ......... L ......... .I. ......... .I ......... ..,1 ........... I ............ !- ......... 1.. ......... .I. ......... .J 
I I l I I I I I t I I I I I I 
I I I I t l I I I I J I I I 
I I I I I I I I I I I I I I I 

L ........ .L ........ J ......... .J ........ .J ......... ... 1.... ........ L ......... J, ......... J ......... .J. ............ 1 ........... i_. ....... L ......... 1 ......... J 
I I t I I I I I I I I I I I I 
I I I I I I I I I I I I I 
I I I I I I I I 1 I I I I 

t- --+- --~ ----!- -- -:-- - -~ .. - -i- ---f- - -1-- - -:- - - -:- ---:-- - -t- -- f- - -1 
f I l I I I I I I I I I I I 
I I I I I I I 
I I I I I I I I I I I I I I I 
I"- - - T - - - , - - - '"I'"' - - ... , ... - - -,-. - - - r ... - - T ...... - , - .. - -.- - .. -.- - - -f' - - ... r- - - r-"' - , 

t I I I I I I I I I . . ' 
I I I I I I I I I 
r•"""' T'"''"'"".,""""., .., .. """" "'r" ..... ""r"' .... '"'t' ........ T "'"""' , ... •"'., ... "''"''"'I"" "''"'""r"'"'"''"' t' ..... ""T"' "'"'., 

I I J I I I 

' I I I I I I I I I I I 

~---+---~---~----~---~---~---+---~---~---~----~---~---+---~ I I I I 1 I I I f I I J 
1 I I I 
I I I I I I 

.. - ... - ... - - - ......... .a ... ---·- - - ... i.. .. - - ""- .. -"' - --~ -- ......... - - -·-- - .......... - -i.. - .. -"'- ....... 
J I I I I I I I I I I I I 
I I I I I I I I I I I 
I I I I I I I I I I I I I I 

L ......... .1 .......... J ........ .J ... ......... 1 .......... I.. ...... ,..L ......... .I. ......... ,J ......... J ........ .,.1,....,. ...... !,.. ........ L ........ .L ....... .J 
I I I I I I I I I I I I I I I 

I I I I I I I I 
I I I I I I I I I I 

r---r- --1- -- -:- - - -:- - - -:- - --~ ---r- --1--- ~- - - -:- - - -:- - - -r- --t- --1 
I I I I t I I I t I 

I I I I I I I 

I I I I I I I I I I I I I I I 
r ... -- T"' ... - , ..... - ., ... "' - -.- ---t"' -- ·r-- -T- ... - i .... --. .. - - -.- ... - .. ,. ..... - r ... - -T- -- i 

I I I I I I I I I I I 

' ' I I I I l I I 
r''"' "'"' T"' """' "t '*"''"" ., ... '"'"" ""r ---i- --• r' •"' ""T"'"'""., ......... ., ...... '"''"'I"'"'"' ""r"''"'"""' r",. '"'""'f • "'""., 

f I I I l I I 
I I I I I 

I I I I l ..... --+ ---~ ---~- -- ....... ---~ -- -.... --+- - - .. -- - ...... - - -·- - - ........ -- .. - ... - • - -- ~ 
I I f I I I t 

' ' ' I I I I I 1 I 

- -- .i. ... - - .I - --~- - - _,_ __ ... i.. - - -~ -- - .i. -- _., ___ _,_ -- -·-- - ......... - - "--- - ~- -- .I 

2) Use the pattern of squares to graph a quadratic function with leading coefficient a = 2 whose 

vertex is (0,0)), f (x) = 2x2 Draw axes, then plot the vertex and points using the pattern of 
squares, modified by a=2. 

r'"'"'"' T"' "'"'., "'"""' "'t"' .. "' ""I"'"'"' '"'r"' •"' ""t' ... - "'T .. "' '"',"''"'""., .. "'"'""I""'"'"" "'r"'"",."" r' '"'"",. 'f'"' .. "'., 
I t I I I t I I I 

' ' ' .. - - - + - - - .. - - - ~- -- -·- -- -i- -- -t- -- - • -- -~ -- - ...... - - _,_ - - ..... - -- ~ -- -+ - ... - ~ 
I I I I I I I I I I I I I I 
I I I 1 
f I I I I I 

~ - -- .i. - - - ... - - - ....... - - _._ - - ... i.. -- -'- - - ... .&, - -- .I -- - _,_ - - -·- - - ......... - - i.. - __ .a, - - - .I 
I I I I I I I I I I I l I l t 

I I I I I 

I I l I I I I I I I 1 I I I I 

1. ....... .L ....... J ......... .J ........ ,,.r ......... -~ ......... L ...... J. ........ .J ....... J ....... ..,.f .......... \. ...... - L ......... 1 ...... - J 
I I I I f I I I l I I I I I I 
I I I I I I t 

I I I I I I I I 
I I I I I I l I I I I I I I I -----------------------------------------------------------' I I I I I I I I I I I I I I 
I I I I I I I I I I 
I I I I I I I I 
I I I I I I I I I I l I I I I 
r- ... "' T ........ , .. - .. ., .. -- .. , ........ -r -- ""r-- -T- - .. , ..... --.- - ..... , .. - - -r -,- -r ........ , - "' - , 

I I I I I I 
I I I I I I 

l I I I I I I I I I I J I I I 
r"'-""T"''"''"'., ........ ~ ...... -... ........ ,.. ...... r .. --T-"'"', ....... , ............ ~ ....... ,.. .......... r ........ T ........ , 

I I I I 
1 I I I 

I I f I I I I I I I I I I I I .. -...... ---...... -- ...... -- ....... -- -~ ---~ -- .... --- .. - - -....... ---·- -- ...... -- -~ ---. --- ~ 
I I I I I I I I I I 

I I I I 
I I I t I I I I I 

.... -- .i. --- J - - - ......... _,_ -- .. i... ......... --- ..... - - ~ ............. - - ...... - - ...... - .. - .. -- - .i. - .. - .J. 
I I I I I I I I l I I t I I 

' ' I I I I I I I I I I I I I 1 I 

~- .. - ~ - -- ~ - ... - ~- -- -!4- -- -~ -- .. ~- .. - t- - - ~ ..... - ~ .. -- -:-· .. -:-- ... -~- ..... ~ - -- ~ 
' I I I I I I I 

t. .. - ... ! - ... - .! ...... - -·- -- _,_ -- _,_ -- ... !. ___ ! _ -- ..! -- - _,_ - - -·- - - _,_ - - .. !. ... - - !--- ..! 
I I I I I I I I f I l I I I I 

I I I I I I I I I 1 
I I I I I I I I 

I I I f I I t I I 1 f I I I I 
r- ... -T--- "'- - - '"'l- -- .. , ... -- -r- -- .. ,. ... ,.. -y ...... -,- .. --. ... - - ... , ..... - -r- - ... r- - - r- .... , 
I I I I I I I I I I I I I I I 

t f I I l I I I 
I I I I I I I I I I r---y-- ... , ....... ., ..... .., ............ ~---r--·T-•"'., ........ .., ____ ~---~---r---y- ...... ., 

I I I I I I I I I I I I I I 
I I I I I I I I I I I I I I 
J I I 1 I I I I I I I I I I I 

,,,--....... .. - - - + - -- ~ - - - ...... - - -t- ___ .,.. -- ..... -- -+ - - - ~ - - - ...... - - -·- - - -~ --- to - - -· - - - ~ 
I I I I 

I I I I I I I I I I I 

~ - - - .&. - - .. J - -- ...... -- ...... - - -1... - - •'- -- - ... - - - .I -- .......... - .. 1 ............... - ....... -- .i. - - - J 
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3) Use the pattern of squares to graph a quadratic function with leading coefficient a= 2 whose 
vertex is (-1,-5)) Draw axes, then plot the vertex and points using the pattern of squares, 
modified by a=2. 

,. - - .. ., - .. - "' - - - ., .. - ..... , .. - .. -r - .... I" .. - - "' ... - - ., - ..... ., .... - -.- "' - -r - .... ,. - .... " .. - - 't 
I t I I I I I I I l I I 
I I I I I I I I I I I 
I I I I I I I I I I I I I I 

~---+---4---~---~----~---~---+---4---~---~----~---~---·---~ I I I I I I I I I I I I I J 
I I I I I I I 

I I I I I I I J 

~---~---~---~----t..---~---~---~---J---~---~----~---~---~---J I I I I I I 1 l I r I I I I I 
I I I t I I I I I I I I f I I 
I I I I I I I I I I I I I I I 

L ...... L ...... ~ ...... J ...... ~ ........ ~ ...... L ...... 1 ...... ~ ....... J ...... ~ ........ ~ ...... L ...... ~ ...... A 
I I I I I I I I f I I I I I I 
I I • I I 
I I I I I 

~- --r---1-- --:----:- -- -:----r- --t- --1- -- -:-- --:----:-- --~-- -t- - -1 
' ' ' 

' I I I I l I 1 I I t I I I I I 
r ... - - r ..... - i .. - - '"I'" - ... -,- - - -r - - - r"' - - r- - - i- - ... i ... "' ... "'1- - ..... ,. .. - - r - ...... r .. - ... , 
I I I I I I f I I I t I l J 
! I I I I I t I I I J I I l 
I I I I I I I I I I f I I I f 

r---T---,---~---~----r---r---T---,---~----.----r---r---T---, 
J I I I I I l I I t I 

I I I I I I I 
I I I I I I I I 

~---·---~---~ ... --....----~---~---·---·---~---~----~---~---·---· I I I I I I I I I I I I I I 
I I I I I I I I I 

I t t I I I I I I I I I 

~---&- ...... ~---~---~----~ ........ L.,..,. ... & ....... ~---~---~----~ ....... L ..... -&.,. ..... ~ 
I I I I I l I I I I 
I I I I I I I I I I 

I I I I I I I I I I I I I I t 

~---t-·-~---~·--~----~---~---t---~---~·--~----~---~---~---~ 
I I I I I I I I I I I I I I 

1 I I I l I I t I I I I I I l 
I I l I I I l I I I I I I I I i"'"' .. T """'"' i .. "' "' .. , ·"' ...... , .. - "' ... , ... "' .... i'"'"'"' i'" ... "' i .. "' .. i ..... "'"'1'"' .. "' ...... '"' .... T "' .. "' i'"'"' ... i 

I I I I I I I I I I I I I 
I J I t I I I C I I I I t 

I J l I I I I f I ( I I I I I 
r---T---,---,---~----r---r---y---,---,---~----r---r---,---, 

I I I I I I I t I I I 

' ' I I I I I 

~---T--·,---~---~----~·--r---T---,---~·--~----~---r---T---, 
I I I I I I 1 I I l I I I I I 

' ' . ' 
t- - - - • - - - "' - - - ... - - - -·- - - -~ - - - ~ - - - • - - - .. - - - ... - - - ..... - - ..... - - - p - - - + - - - "' 
I I I I I I I I I I I I I I I 

I I I l I 
I I I I 

~-·-~---4- ...... J ................... ~---~---~---~·--~---~----~---~---~---~ 

4) Neatly graph f(x) = .!.(x-4) 2 -5 using the pattern of squares. Find the vertex, draw and label 
2 

axes. Find the leading coefficient and use it to modify the pattern of squares. If the y-coordinate 
is not an integer, skip that square and move on to the next. 

'"'"''"'T"',. .. ,..,,,. .. ~---~----~"'"'"''"'''"'"'"'T•"' ... , ....... ~,.--~--·-~---r-•-T•--, 
I I I I I I I I I I I I I 
I f I I f I I I l 
I I I I I I I I I I I 

t-·--+----1---~----t----~---t----+----1----4----t----~---P---+--·-I 
! I I I I I I I l I f I 
l I I I I l I I 
I I I I 1 I I I I I 

----~---4---~---~---·~---~---~---J---~---~----k---~---~---4 I I I I f 
I I I I I 
I I I I I l I I I I J I I I I 

~-- - ~ --- ~ --- ~- ---:-- --:- --- ~--- ~-- - ~- ---:- -- -:--- -~ -- -~-- - ~- -- ~ 
I t f I f I I I I I I I I I 
I I I I I I I I I l I I I ( 

t- .. -r-- -1- - - ~-· - -: .. ---:- -- -1-- .. -+- .. -1- -- ·:- ---:--- -:- -·-1--- -f- - - ~ 
I I I I I I I I I t 
I I I I I I I I I 

I I I I I I I I I I t I I I I 
r- - -y- -- ,-- - ,-- - -.--- -r- --r---- r-- - , .. -- ,--- ·r - --r-- - r- --T-- -, 
I I I I I I I I I I I I 1 I I 
I 1 I J l I I I I I I I I l 

I I • I I I I I I I f I I t r --... ,. .. -.. , "' --~-"'"' ... , ......... r"' ... - r--- T"''"' - ., .. --~- .............. --r--- r- - ... ,. ... - - ., 
1 I I 1 f I I I I I 1 

I I I I I 
I I I I I I I I I I I I I 

~---·---4---~---~----~---~---·---4-••-4·---t----~---~---·---4 
I I I I I I I I I I I 

I I I 1 I I I I 
! I I I I t I I I I I I t I l 

I.. - ..... -I. ........ .I ...... ...J ...... -'- ...... .,.L .... - L - .... L ...... .I - - .. ~- - .. .,.I ....... -L ...... L. ....... 4 ... - .. .I 
I I I I I I I I I I I 

I I I I I I I 
I I I I I I I I I I I I • I 

I. ..... - .L ........ J ......... .J ...... "' .. 1., .. "' .. I.. ... "' .. I. ......... j, ....... J .. - ... .J ......... 1 ........... 1., ....... L ....... .I. .. "' ... J 
I I I l I I I l I I I I 1 I I 

' ' ' ' . ' r- --t- -- i - - - -:- - - -:- - - -:- - - -1- - - - t- --i- - - ~ - - - -:- - - -:- - - - ~ - - - t- - -1 
I I I I I I I I I I 

I I l I I I I I I 
I I I I I I I I I I I I I I I 
r- .. '"'T"''"' .. , ...... ., .......... l .... - -r- ... - r--- -1-- -,--- .,- - "'"'1- -- -r-- - r- ... - T"' - - , 
I I I I I I I I 
I I I I I I I 
l I I I I f I I I I I I I 
r - - - T - - - , - - - ., - - - -1- - - -r - - - r - - - T ... - - , - - - ., - - - -.- - - ·r - - - r - - - T- - - , 
I 1 I I I I 

' . ' 
I I I I I I I I I I 

~---· ... --4---~---~----~---~---·---4---~---~----~---~---·---· I I I I I I t I 

' ' I I I I I 1 I I I 
~ ........ ~ ...... J ....... ~ ..... -~ ......... ~ ........ ~ ....... ~ ....... ~ ....... ~ ...... ~ .......... ~ ......... ~ ........ A ......... ~ 
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.~ 5) Neatly graph f (x) = _ _!_(x + 4)2 + 5 using the pattern of squares. Find the vertex, draw and label 
2 

axes. Find the leading coefficient and use it to modify the pattern of squares. 

r---y·--~---~----,..---r---r---T·--~---,----~---~---r•--y---, 
f I I I I I f . . 

I I I I I I I 

.. - - -· - - - ... - - - -t- -- .... -- _.,._ -- ..... - - ·- - - ... -- - ...... - - -·- - ......... -- ..... --- + - - ...... 
I I I I I 1 I I I I I I I I I 
I I I I I I 
I I I I I I I I I I 

L---~---~ ......... J ........... ~ ........ ~ ......... L ....... ~ ........ ~ ........ J ........ ~ ........... L ......... L ....... ~ ......... ~ 
I I I I I I I I I I I I I I 
I I l I I I I I 
I I I I I I I I I I I I I I I 

L ......... .L ......... .J ........ .J ......... .,.1 ............ \.. ........ L ...... .L ....... J ........ .J ........... 1 ...................... L ........ .L ....... J 
I I I I I l I I I I t I I I 1 

I I I I f I I I I I 
I I I I I I I I 

r-- -r- --.;- ---:- -- -~- ---:- ---~ ---r- --~ ----:- ---:--- -:- -- -~ ---1- - -1 
I I I I I I I I 
I I I I I I 

I I t I I I I I I I I I I l I 
r - - - T - ..... , ... - - -i· - - ....... - - ·r - - ... r ... - -y- .. - i - - .. ""t'"' - - .. , ..... - -r - - ... r ...... - T ... - ... i 
I I I t I I I I 

I I I I I 
I I I f I I I I I t I I 
r- - .. T- ... - ., - ...... .., ......... -.- .. - -I"" ... - "'r - - - "f -- •., - - - "I ........... , ... - - -r - - - r"'"' - 'r - - '"'., 

I I I I I 

' . 
I I I I I I I 

~---+---~---~---~----r---~---•---~---1----~---~---~---+---~ I I I I t I I I I I 
I I f I I I 
I I I I l I I I I 

&. -- - "' - - .. .a ...... - ...... - - ........ - ... t.. .. - ... " .. - - ... -- .. .a .. - ....... -- ...... - - ... t.. ....... ~ - -- ... - ..... .a 
I I I I I I I I I 1 I I t I I 
I I I I J 
I I I I I I I I I I I I I I I 

t,, ......... J. ... • ... J ......... ..I .......... • ........ -'-·- ... t. ....... .I. ....... J ...... .. J ... ......... • ......... 1,,. ........ 1. ........ J. ....... J 
I I I I I I t I I I I I I I I 
I I I I 
I I I I I I I I 

~ ---t- --~ ----:- -- -:- -- -:-- --r ---t-- -1- - --:- - - -:- - - -!- - --r-- -i- - -1 
f I I I I I I I f I I J 

I I I l I I I I f I 
I I I I I I I I I I I I I I I 
r-- -T- - - , ..... - "l'"' - - -.----~ -- - r .. - -y- - .. , ..... -""- - - -,- - - -r -- - r .. - '"'T .... - i 
I I I I I I I I t 1 I I l 

I I I I I I 
I I I I I I I I 

r• .. -T---., .. '"''""I'"' ... ---w- ..... '"l""' .... - r ..... - T .. - ... , -- '""I .......... , ... - - •r -- - ,. - - -T ..... - "I 
I I I I I f I I I I I I I 

I I I I I I I I I 
I I I I I J I 

.... - - + - ... - ~ - -- -t-- - ~- -- -i-- -- _,__ - - + - - -~ - - --1- - - -1- - - ..... - - - t- -- - ·- - - ~ 
I I I I I I I l I I I I I 

I I I I I I I 
I 1 I I I J 

I. - ....... - - .... - -- ......... - -·- - - ... i... ... - - " - ... -· .......... - ... - ....... -- _,_ - .... t.. -- - ~ - ........... - - " 
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