Lessen HY

Math 70 Quadratic Functions and their Graphs

~GOAL:

1)
2)
3)
4)
5)
6)

7)
8)
9)

Graph parabolas neatly and accurately on paper. This means:

Imagine the location, shape, and direction and calculate the vertex to determine axes and scales.
Plot the vertex, GC max or min can help.

Plot four additional points - might need to move the axes. GC table can help.

The pattern of squares can accurately plot points without doing any calculations, if both scales are 1.
Confirm that the left side and right side are symmetric.

Confirm that your graph extends to the edges of the grid accurately - might need more than five
points.

Confirm that your parabola is round as it passes through the vertex.

If the instructions request it: draw the axis of symmetry as a dotted vertical line through the vertex.
If the instructions say: find the y-intercept and plot it.

10) If the instructions say: find the x-intercepts and plot them.

To begin, quadratic functions (up- or downward opening parabolas) are in the form f(x) = a(x~h)* +k
The vertex (h, k) is the lowest (or highest) point of the parabola, the most important point of the graph.

fx)=x*+k vertical shift: shift k units up (k positive) or shift k units down (k negative)

A~ @) =x=-h) horizontal shift h units right (subtracted h) or shift h units left (added h)

CAUTION: The signs and directions are backward from the k signs!

f(x)=(x-h)? +k | both up/down and left/right shifts

f(x) = ax? change the shape (narrower || >1 or wider |a| <1)

and/or
change direction (upward opening if a > 0 or downward opening if a <0)

f(x)=ax*+k . |shapeand/ordirection AND vertical shift

f(x) =a(x-h)* shape and/or direction AND horizontal shift

f(x) =a(x—-h)? +k | shape and/or direction AND vertical shift AND horizontal shift

The axis of symmetry is a vertical line through the vertex which divides the parabola in two mirror images.
Its equationis x = h.

The x-in@ercepts are points where the parabola crosses the x-axis. To find them

By algebra: set y = 0, meaning replace the f(x) by 0. Solve the resulting quadratic equation by

square root property (if f(x) =a(x~h)* + k) or quadratic formula or factoring (if f(x) = ax? +bx +c¢).

By approximating on GC: use 2" TRACE = CALC, option 2 (Zero) as many times as there are zeros.

Note: A quadratic function can have

N

e two x-intercepts (two real solutions to the quadratic equation, D = % — 4ac > 0),
¢ one x-intercept (one real solution to the quadratic equation, D = 5% ~ 4ac = 0), or
¢ no x-intercepts (two complex solutions to the quadratic equation, D = 4% - 4ac < 0)




The y-intercept is the point where the parabola crosses the y-axis. To find it

By algebra: set x =0, meaning find f(0).

~%very quadratic function has one y-intercept.

Note: Later, we’ll also have the form f(x) = ax® +bx+c
aisthe sameasin f(x) = a(x—h)* +k,but h and k are related to b and c by the vertex formula:

p=20
2a
k= f(h)

To change f (3:) =a(x-h)? +k to f(x) =ax® + bx+c, FOIL, distribute, and combine.

Tochange f(x) =ax® +bx+c to f(x)=a(x-h)* + k, complete the square or plug in results from the

vertex formula.

Practice and Examples

Using f(x)=2(x—1)* +3

1)
TN 2)

3)

4)
5)
6)

7)

8)

Simplify.
Graph the two expressions (the given function and your result) in GC. What do you observe?
Identify the characteristics of the graph.
a. Whatis its shape?
b. Whereisits vertex?
¢. Whatis the value of a and what does it mean about the direction of the graph?
Find the vertex of using GC. How does this answer relate to the equation?
Find the equation of the axis of symmetry.
Compare add each graph to GC, identify the effect of changes in the vatue of a.

a. f(x)=(x-1)*+3
b. f(x) =—;(x—1)2 +3

f(x)=—(x-1)*+3
d. f(x)=-4(x-1*+3
e. Summarize what the value of a tells us about the graph.
Find all intercepts.
a. Use f(x)=2(x~1)*+3
b. Use simplified result.
c. Which form makes the algebra easier when finding the x-intercept? Y-intercept?
d. What is the difference between the x-coordinate of the vertex and the x-intercept?
Graph f(x)=2(x~1)?+3on paper. v
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GC 30 Graph to Paper: Using the Axis of Symmetry to Graph Quadratic Functions

Objectives:  Find the vertex of a quadratic function
Write the equation of the axis of symmetry for a quadratic function
Graph the axis of symmetry
Observe and use symmetry as shortcut for graphing additional points on a parabola

A Quadratic Function has a squared x, or a degree 2 term, and passes the Vertical Line Test.

Standard Form: f(x)=a(x-h)? + k, where a, h, and k are constants, a = 0, and (h,k) are the
coordinates of the vertex.

The axis of symmetry of a quadratic function is a vertical line through the vertex which divides the

graph in two mirror halves. Its equationis x = ——2?—, same as the x-coordinate of the vertex.
a

Example 1: Find the vertex of f(x)=(x~3)*+2

Using the formula f(x) = a(x - h)* + k , we see that the x-coordinate can be found from (x-3), giving
x = 3, and the y-coordinate can be found from +2, giving y=2. Answer: V(3.2)
Example 2: Write the equation of the axis of symmetry for f(x)=(x-3)* +2.

Using our work from Example 1 and the fact that the axis is a vertical line through the vertex, we get
the equation x=3. Answer. x=3

General Form: f(x) = ax” + bx+c, where a, b, and ¢ are constants, a = 0.

The vertex of a quadratic function can be found using the vertex formula: Find the x-coordinate first

x= —;—, then evaluate the function at the x-value found: y = /(— —Zb—] .
a a

To write general f(x) = ax* + bx + ¢ from standard f(x) = a(x—h)* + k: FOIL and simplify.

To write standard f(x) = a(x-h)* + k from general f(x) = ax® + bx +c: complete the square.

If a>0, the parabola opens upward. If a<0, the parabola opens downward.

When graphing a quadratic function, you must graph the vertex, plot at least four additional points,
and neatly draw the parabola. Instructions may also require you to graph x-intercepts.

CAUTION: A parabola is a rounded shape ~ there should not be a paint at the vertex.

Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.
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GC 30 Graph to Paper: Using the Axis of Symmetry to Graph Quadratic Functions page 2

Example 3: Find the vertex of f(x)=-2x>+4x-5

Using the vertex formula, we find the x-coordinate using x = —-2[—)—, which gives x = —E(—% = ;: =1.
a — -—
Plugging this into the function using y = f (— Eb—) weget f()= —2(1)2 +4(1)-5=-2+4-5=-3.
a
The vertex is (1,-3). Answer: V(1.-3)

Example 4: Write the equation of the axis of symmetry for f(x)=-2x> +4x-5.

Using our work from Example 3 and the fact that the axis is a vertical line through the vertex, we get
the equation x=1. ' Answer: x=1

We use symmetry in graphing quadratic functions (and other parabolas), in two ways:

Forward: From the vertex, axis of symmetry, and one calculated point, graph another point on the
other side of the axis of symmetry.

Backward: Check final graph and any other points (like x- or y-intercepts) for symmetry.

Example 5: Graph f(x)=x" by plotting points and using symmetry.

We know from f(x) = a(x— k) + k that the vertex is (0,0), so this is the first point we put in the table.

x-value | y-value
0 0
1 1
2 4
3 9

These points give us the right half of the parabola. To use symmetry, measure the distance from
each point to the axis of symfmetry, then use those same distances to draw
AU S SO 1 SIS S U S o]

the other half:
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t
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=2.

x-coordinate of the vertex.

a(x—h)* + k or the vertex formula) and axis.

Step 2: Make a table using your GC. Make TbiStart

3(x—2)2-5.

a(x—-h)* +k, the vertex is (2, -5), and the axis of symmetry is x

Step 5: Plot all the points. Draw the axis of symmetry. Use symmetry to plot the other half.

Step 3: Look at the points and decide location of axes on the graph paper.
Step 6. Neatly connect points in a rounded parabola.

Step 4: Determine scale for the axes. Draw and label axes.

CAUTION: The axis of symmetry may be different from the y-axis. Measure distances from the axis
Step 1: Find the vertex (using f(x)

GC 30 Graph to Paper: Using the Axis of Symmetry to Graph Quadratic Functions page 3
of symmetry to the known points.

Process for graphing a quadratic function using your graphing caiculator:

Rev 8-8-13

Example 6: Neatly graph f(x)

Using f(x)
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X values | y values

Answer
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-1.

-1

X values | y values

Answer:

____1 —

J -1
=-3. The vertex is (-1,-3).

1

2

-1
-
7

2

1+1—

2

1
7

2

-2 -(-1)-

.

Neatly graph f(x)
2

as with expressions. You cannot “clear the fractions” by multiplying by an LCD, as you can with

CAUTION: If quadratic functions have fractional coefficients, you must work with the fractions, just
equations.
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Using the vertex formula, we get: x

Evaluating f(-1)

Example 7
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TI-84+ GC 31 Graph to Paper, Pattern of Squares to Graph Quadratics

Objectives: Observe the pattern of squares for quadratic functions with a=1.
Use the vertex, axis of symmetry and pattern of squares to graph quadratic functions
Use pattern of squares to graph quadratic functions when a =1

A Quadratic Function has a x> (degree 2) term, and passes the Vertical Line Test.

General Form of a Quadratic Function: f(x)=ax* +bx+c, where a, b, and c are constants, a = 0.

Standard Form of a Quadratic Function: f(x) =a(x—#)* + k, where a, h, and k are constants, a= 0,
and (h,k) are the coordinates of the vertex.

a is called the leading coefficient.
if a>0, the parabola opens upward.
If a<0, the parabola opens downward.

The vertex of a quadratic function can be found using the vertex formula:

First, find the x-coordinate x = ——Zb—
a

Second, evaluate the function at the x-value found: y = f(— 23)
a

The axis of symmetry of a quadratic function is a vertical line through the vertex which divides the

graph in two mirror halves. Its equation is x = —23, same as the x-coordinate of the vertex.
a

Example 1: Because quadratic functions have a square in their expressions, perfect squares are
important in their graphs. Let's consider f(x)=1x*. In each of the graphs below, start at the vertex
and move to the right. The amount we move up is the square of the amount we move right. (Notice
that the leading coefficient a=1.)

.
o
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We can also move from the vertex to the left, using symmetry, and the y-coordinate is the square.

F AR Y AT
N4
3 Z -1': ‘:1 4
_______________ =
: 5)

When the leading coefficient a=1, we can use this pattern of squares starting from any vertex.

Example 2: Find the vertex of f(x) =1(x-2)” +3. Then observe the pattern of squares in the
graphs below.

Using f(x)=a(x-Hh)* +k, the vertex s (2,3). From the point (2, 3), we go right 1, up 1. Then left 1,
up 1. Thenright 2, up 4. Then left 2, up 4. And so on (left or right 3, up 9), both left and right.

3 f . . o
H 1 . . I
Y ' . ' o
H : :
T " T i
' ' i
v ) ' 3
" ¢ » F

Answer:

When the leading coefficient a = -1, we can use the same pattern of squares, but the y-coordinates
are negative and go down instead of positive, going up. We begin at the vertex as before.
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This quadratic function has leading coefficient a =1 and vertex (~3,1)). Since a is negative, we go

TI-84+ GC 31 Graph to Paper, Pattern of Squares to Graph Quadratics page 3
right 1, down 1. Then left 1, down 1. Then right 2, down 4. Then left 2, down 4.

Example 2: Use the pattern of squares to graph f(x) = “(x+3)2 +1

Rev 8-8-13

1
3-4=12

3 and 3(~2)>

Here, the y coordinates are 3(1)? =3-1
Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.

3x* using the pattern of squares.

The pattern of squares is modified using the value of a, when the leading coefficient is not 1 or -1.

CAUTION: You must use the order of operations: exponent before muiltiply.
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Find the vertex, draw axes, then plot the vertex and points using the pattern of

vertex is (-3,))) .

1) Use the pattern of squares to graph a quadratic function with leading coefficient a = 1 whose
squares.
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— Practice:

2whose
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vertex is (0,0)), f(x)=2x> Draw axes, then plot the vertex and points using the pattern of

2) Use the pattern of squares to graph a quadratic function with leading coefﬁcientv a
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2 whose

Draw axes, then plot the vertex and points using the pattern of squares,

modified by a=2.

3) Use the pattern of squares to graph a quadratic function with leading coefficient a
vertex is (~1,-5)) .
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(x—4) -5 using the pattern of squares. Find the vertex, draw and label

-—
£
S
.
el
Y
—_—
.
o
|
(/]
()
)
-
Mt
£
+= O
= o
fo eyt et oy e g e e e et e e pem e QO 2 e e e o pe e g
' ' ' ' ' ' ' ' } h ' ' ' ' ' n 9 1 1 1 0 | v 1 i 1 H : v v v i
! ! ! ! ' ! ! ! ' ' ' v ' ' t um ' ' ' + ' ' ' ' I v ' ' ' »
Femmpavndmnnde o~ [ 3 : H -I . : : : H : H ! H H N : : H H H ' .
: . . . - R R R AEET P DT PP PER S LT R Ry g Ly Py U S-S AT AU T S
' ' ] 1 ' ' ' © i . ' t 1 ' '
T T T R T
' v . ' ' ' ' ' ' ) ' ! T ' ' cC c ' ' i ' ' . It 1 ' v ' ' : h
R ST PP P T S et ST N © © [ U S, R N S O U D FE R S - DU
' I v ' ' ] ’ ' ) ' ' ' ' ] l [ 1 ' ' VO
1 L} L} [} ] [} ' 1 1 L} 1 t 1] 1 ¥ lt 1 L} L) i 1] 1} T L ] [} 1 1
) ] 1 1] ] 1] ] L} + 1] ) 1 1] 13 1) L} il 1 + L} L} 1 1 J H
TR TP PNpR TR Y R G Upny S (AR SGU NP S S SRR cQ bomelonadoemademaud AP H ; ; . L H
L s 4 : ] L s : ] : : . L : ; er [ : 4 ACEE-EETT LY ETEY PEPE PRV SEUI R T P P
[ T T T T T oo = © S
: : : : ' ' _T ! ' : ' ! ' ' . O S ' ) ' ¢ ' ) ' ' ' ' ' ' ' '
[ PR S SO A AR S RO I NP SO S S = (SR P R R PO SR R TSR R SR R RO S
A T A A A A A == A A A S T S A
' . '
L N T SO S N UL A A DL A L O @ S S N N O S A A T O
r v 1 B v r r v 1 a v LRl SRl R [ 32— [ RARE EEEE EETES T Bl AR L LR R R R Y TR RS
M " H " “ " “ “ “ " " " " . “ Ca 1 1 ) ] L} 1 [} . ll 1} 1 L} 1 L}
L} [ L} [ ¢ t ‘ T
[ S B : L v . ' K : v ' ' ' gh ' ' ' ' ' | ' ' 1 ' ; \ H |
................... D W N | = Lk L r T L upup iyt L U L, SR AN ST S
! ' ' ' i ) ) 1 ’ ) ’ ! 1 ) ’ I~2n ) ) ' ) ] : ’ : ' H ) v H H
! ! ! ' ' ! ! ! ! ! ! ' ' ! 1 £ a ' ' T ' * ' ' ' ) Il ' It ' '
' ’ — ' ' ' ' ' ' ' ‘
R R sl sty UL EECT SUREEIE SIOE DN -DINS SRS - It o PSR SO S RO R SRR SRCRNY SR SO P AU SN S
'
[ R - N R B —~ o0 e e
! ! H 1 : : ! I ' ‘ . ' 1] ) ' = o . t i ' ' v ‘ 1 1 V ' ' 1 ) 1
B e LR TP DT B [ YR SR ApU S S S G ~— — e L, SRR ot SRV UpNY S S U PR S S S-S
H H H H " " " " l 1 " ] L} 1 L} f e L} 1 L] ] 1] ] L} ) ] L] 1 ) ] L}
Pl b e I A R R
Ly R R et et T TSPTY JURuY PR FISUPP S SRy S DA i - brrrdraadenndonndenmabaunhaaadanad 4 ’ u L H
1 ) : s ’ 1 ] ) . [ [ L : = ) t : 1 ! : TR A R M S S S
. ' ' 1 1 1] ' ' ' ’ . ) ' ' ] - * ' ' ' : ; » » H H H ; : :
' ' . : ! : : ' ' ' ! 1 ! ' ' o T C 1 ' i ' ' ' ' ' \ i ) ) 1 H
il B I R S R A el L L T B Tt i, A LI L
T LT R Ry e oY SO R PRSP AP AP A S | (LT I T T RIS PN FOUN PPN SN IR SR SRR NR S SO S SN
! ! ' . ) It ' ) ' ' + ' ’ ' . ot — ' ) ' ' ' ' ' + 1 . , ' ) H
S SO S U S U N O A U W S B T LT U T SO N N U SO S Y AL T
lllllllllllllllllllllllllllllllllllllllllllllllllll M
R e e S R ST IR T SEBL R T Lt St ETT AT ST AR S SO AU S S S SO S
> . ' ' ' s ' ' ' H ' 1 ' ' ’
ST SO SO TSNt S U U SO R A A OO VURY N T i - S N N SN N S S N AN S SO N B
R LTk DT s, Sy vpe SR AUy Sy U AUy A S ST © O C L e Eits LT T LT TPt UV Sy SV VU L. USRS NI I
1 1 ' [ ] [ [l ] 1 1 [ ' * ’ » [\}] . [ v ' 1 ' [ . b ' [ [ ' ’
" " “ “ " " " " " " " 1 " 1 : XS ¥ I3 ' k) [ I3 ’ L} 1 [ & + 1 1
.
(TSRS SRS PR AR SR S SVORE JNUUN. SR S SO WA SRS SO I SO SO NS A SO S SO S SO S St S SO
: ' 1 t ) + 1 ' ' v ' ' ' 1 1 . ' ' ' 4 bt b EEE T LTI SRR T PP TP
L} . 1 L} ] L} ] 1 il ’ L} 1 L} ] 1] — N . ' : H H
1} ] L b ¥ () il 1} % 1] 1 ] 1 + ] " " “ " " " " " | H ' N \ '
T PP RGP g U S P U TV TUUUY SO T U 4 rn::.—xvu...r..L....Lx»|..r..;.‘..:|‘-l...pnnI" " vu.r ... n

Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.



(x +4)* +5 using the pattern of squares. Find the vertex, draw and fabel

1

2
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“3) Neatly graph f(x)
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axes. Find the leading coefficient and use it to modify the pattern of squares.

Cocad e e daem e et cebevadoccdemcdacndemmcb et maclcnnd

.

¢

T
Ltuerbewwdeacdonecdecsmebernsbocawbiowedenedae ol

1

v

1
hecedcnadeacdeswtamcebcannbhacnlcnaduncduuadd
P N L L e e L L

S S g

Lecolewadooodual

Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.



solutions, page 7

TI-84+ GC 3}~

Rev 8-8-13

1 P 1
' 1 ' ] . . 1} . * 1 1 . .
PR TR | T JEPAY G Tl Sy R oq g Y ' [ 1 [} ] ' 1 ¢ ' ]
! ' § ] 1 ' i 1 1 ) i [} ]
' H ' . Lk TR T To S SRt USRI § o B T L Rt gV
' 1 M b ] 1 ] ] ' 1 + [l '
o $ et ' 1 1 t . 1 ' ) ' 1
s S " bl sl ol oei o e e
' 3 s ' ' ' \ ' ' i )
[} [} [} ] ] ] ] ] 1 ' ™Y ] 1
nnnnnnnn Fowmpe==g A H H H H H H Lorrm H H H
) e T Sy SRR ¢ [ P SR S-S
: : 1 ] ' ' e~y _ai.sxb o ' ' 1
N N 1 s 1 ] (] ] A [ ’ 1 1 1 ]
uuuuuuuu Feeape=—y PR 1 1 L] ] 1 ' ' '
1 ( N 1 - r.rrucnprn.i..-..L..t..'_nnv-r.-..arunn
P : " R L R R
L L 1 ) 2
- - ] 1 1 ' i € i
el tdid TR 4 cendo o R L. bewedacadoun IR PR R T T
N ; : P
L L H ! ' 1 1 ' ' ) )
-~- h h n ' PR R . T T LU LT Tt e sy Sy
4 ' ' ' t ' ' i 1 h ' 1 1
t ' 1 ' ] ' [l [ ' 1 ] ' [
uuuuuuuu Lavcabowat daan ( ' t 1 ¢ 4 ' [ [
h h 1 i B R LETE [ P R NIV RSy R B Ay
' ] ¢ ] v + ' ' [Tel ' ' 1
1 i f ' ] i i t ! ¥ 1 ' '
:::::::::: FEEES TEEY ) i N t ' ) ! 1 ' ! t
h i i RSP N S, rracgumedaca [ U U SR
' ‘ ‘ ¢ ¢ ' b ) 0o ) ' '
1 ' ¥ ] [ ' ' Vo, | 1 ] 1 +
1 ' ' ] 1 ) 1} [ ' ' 1 '
- e~y T e Ao M oo R g U 3L U U i SO s Ay
[l 1 [ ] 1 1 ' ] 1 J-,.fe_,!. ' 1 '
1 1 ¥ ] ' t - 1 1 '
' . -t Py =] 1 1 ' + 2 [ s ]
N M -+ »....L.Anl. 1 l 1 ”r ﬂv ¥ ..fijx..tfl{wcﬂ,nsl
' ' ' ' , ] ' ’ ’ (R va X ’ ) ' §—
IR ; R SO S S T
rn"-......u...-.vunnﬂlnnw SRR R e e R TR AR Rl Ty EE
N 1 1 ) N N L} L} 1 ] ] ] 1 1 ] ) 1
! ! ! B ' ' ' ' ' ' ' ) 1 '

4)
5)

] L) ] ] + 1] 1 + L) + ] ) ] ] L} )

i ¢ t 1 ! ) ! ) ’ ¥ 1 ) L 1 ) )

O S N SO | PR SRR SR THUORURY SURI £ ¥ S O | 1 L Luwad L

i I 1 ] 1 ] L) ) ) [] * 1 E)

) ] ] 1 ] 1 ] ] 1 ] 1 L} ]

! ] ' ) 1 ' 1 1 ' ' ' ' '

T . 1 ] ] t 1 t ] '

.--:-.g‘é:. N . T P ! LN B

' 1 1 ] oy, 1 t T ] 1 t

) 1] ) ¥ ) Ll ] 1 ] ] ) L 1

1 ' 1 i ' ) 1 ' ] 1 D

e e an gy .y L LI s} Lot L~ v : i

i 1 ] ] ] i 1 5 k] ) L ?

' 1 ) ' ' ' ) ' ' ) 1 Lo I

1 1 ] Ll ) + 1 1 1 1 ) )

T 9- Bd ?- Ed 5. ~r L L R LIk -

1 E) ) ] ) 1 1 ) ] ] £ 1 L}

] ] ) t 1 \ t ' ] t 1 ' )

] ) ] ¥ 1 1 1 ] 1 1 ] 1 1

e R R e L L L L) 1 f * - R R N L L) D=

' t ¢ 1 l r ) 1) ' 1 ) ) ¥ 1 )

1 ) ] ] ] & 1 ] ' ] ] 1 ) 1 L}

] 1 Il 1 1 ] ] 1 1 ] t Vbt ¥

| . - — 1«1 P P

P 1 1 ] ] [ 1 ] 1 ../_._ ' e T t

1 y ] ' t | t ] | ] ' ' " 1 '

t 1 1 1 ] t 8 1 t ] ) ) ] ) 1) ]

[ P ] JRCPPY Y U SV Y TONUNE T S I Vom0 LS U RN RN $m s

1 ¥ ] ' ) 3 ' . 1] k ;o v v T T e

) 1 1 ) ] ) 1 ] 1] 1 1 ) L) ] 1 1 ]

] 1) ] ] 1 ] ) + ] t t ] ) ] 1 ]
L LS (T r y QUQupt SUDRN JEPSUU Ut SYRRY SYURURNY SRR JISSRY Jeea — ! ’ H ! ?

' ' h ¢ { 1 : ' t { . EERCR R - DT SR, Lo
N . , H ' : . : ‘ H + 0 ™ 7 : . . .

Copyright 2011 by Martha Fidler Carey. Permission to reproduce is given only to current Southwestern College instructors and students.



